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1. Introduction

The ordered-logit model has attracted considerable attention across various fields

including economics, political science, sociology or biology (see, e.g., the textbook

treatments of Johnson and Albert (1999), O’Connell (2006), Agresti (2010) and Greene

and Hensher (2010)). Within the field of economics, it has been used in areas as

diverse as political economy, finance, labor, welfare, management, gender and networks

(see, e.g., Besley and Persson (2011), Kaplan and Zingales (1997), Blau and Hagy

(1998), Campante and Yanagizawa-Drott (2015), Cummings, (2004), Carlana (2019)

and Bailey, Cao, Kuchler and Stroebel (2018)). Despite this widespread interest, the

literature has not yet provided choice-based foundations for the ordered-logit model.

The objective of this paper is to cover this gap.

Given that the ordered-logit model involves choices from one-dimensional decision

problems, we consider a setting in which each problem is a line segment. This set-

ting is flexible enough to study choices in a variety of economic environments such

as political domains, consumption settings, state-contingent lotteries, inter-temporal
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payoffs, or payoff distributions. We consider arbitrary collections of decision problems

and describe choice data in terms of the cumulative distribution function in each of the

observed problems. We study the conditions for ordered-logit rationalizability, i.e., the

existence of an ordered collection of utilities generating ordered choices, and a logistic

distribution over these utilities, rationalizing the choice data.

The first result of the paper establishes that the conditions for ordered-logit ratio-

nalizability can be conveniently derived from those for deterministic rationalizability.

Suppose that, for each probability value p ∈ (0, 1), we construct the hypothetical

choice function cp that identifies, for each decision problem, the first alternative at-

taining cumulative choice mass p. Then, Theorem 1 shows that data is generated by

an ordered logit if and only if every cp is rationalizable. An advantage of the structure

of Theorem 1 is that it makes it portable to the analysis of any concrete economic

environment within our setting. Foundations for the ordered-logit model in specific

environments can be derived from existing, or perhaps relatively easy to obtain, deter-

ministic rationalization results for these environments. Corollaries 1 to 3 illustrate this

point for the cases of political choices with single-peaked utilities, consumption choices

with strictly quasi-concave and monotone utilities, and lottery choices with expected

utilities, respectively.

Importantly, the proof of Theorem 1 shows that the logistic assumption is indeed

devoid of empirical content; whenever data is ordered-logit rationalizable, it can be

equivalently explained, with appropriate relabelling of the same utilities, by means

of other statistical distributions. Thus, Theorem 1 provides, indeed, foundations for

ordered, non-parametric, stochastic choice models.

In empirical work, it is common practice to: (i) select a uni-dimensional class of utili-

ties, and (ii) fix upfront a specific parametrization of these utilities. As an example, the

analyst may try to understand choices over lotteries by using CRRA expected utilities,

instead of any expected utility, and proceed to represent them throughout the textbook

parametrization
∑

i qi
x1−ti

1−t , where parameter t captures relative risk aversion. Note that

(i) simply restricts the class of utilities under consideration but leaves the nature of

the problem unaltered. In the CRRA example, one may work out a parallel result to

Corollary 3 using, instead of a deterministic characterization of expected utility, one of

CRRA expected utility. Innocuous as it may seem, (ii) significantly affects the nature

of the problem by precluding any relabelling of the utilities and paving the way for
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the logistic assumption to impose significant structure on choice data. In our exam-

ple using CRRA expected utility, the chosen parametrization imposes that the logistic

distribution must specifically operate over the risk aversion coefficient, which further

shapes lottery choices. Given that assuming particular parametrizations have implica-

tions for the ordered-logit model, in Section 3 we study ordered-logit rationalizability

for a given, yet generic, parametrization of utilities.

Theorem 2 in Section 3 shows that such an ordered-logit rationalization requires

data to satisfy two properties, Corner Extremeness and Cumulative Logit Additivity.

Corner Extremeness imposes that the corner alternatives in each decision problem

can receive non-null choice probability if and only if they are maximizers for some

of the utilities in the assumed parametrization. The property results from the fact

that the ordered-logit model is a random utility model. Cumulative Logit Additivity

uses the well-known cumulative logit notion, i.e., the log-ratio of masses below and

above a given alternative, and states that equal sums of parameters must lead to equal

sums of cumulative logits. The property arises from the fact that, in the ordered-logit

model, the cumulative logit of any alternative coincides with the normalized (utility)

parameter that selects it. As with Theorem 1, we illustrate how Theorem 2 may read

in concrete economic environments through Corollaries 4 and 5, that cover the cases

of political choices with Euclidean utilities, and lottery choices with CRRA expected

utilities, respectively.

We close this introduction with a brief comment on the links of this paper with other

strands of literature. First, the paper contributes to the study of choice-based founda-

tions of various stochastic choice models. The classic works are those of Luce (1959)

and Block and Marshak (1960).1 Second, it is also worth mentioning its connection

to recent papers seeking to bridge the gap between the choice-based foundations and

the econometric implementation of stochastic models, such as Dardanoni, Manzini,

Mariotti and Tyson (2020), Aguiar and Kashaev (2021), Barseghyan, Molinari, and

Thirkettle (2021), and Apesteguia and Ballester (2021).

1Other recent contributions are Gul and Pesendorfer (2006), Manzini and Mariotti (2014), Caplin

and Dean (2015), Fudenberg, Iijima and Strzalecki (2015), Matejka and McKay (2015), Brady and

Rehbeck (2016), Apesteguia, Ballester and Lu (2017), Cerreia-Vioglio, Dillenberger, Riella and Ortol-

eva (2019), Frick, Iijima, and Strzalecki (2019), Natenzon (2019) or Cattaneo, Ma, Masatlioglu and

Suleymanov (2020).
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2. Ordered logit

Ordered logit involves choices from decision problems in which alternatives are or-

dered. We propose a setting to reflect this property while remaining general enough to

cover a variety of economic applications, as we discuss below. Let X ⊆ RK be a convex

space of alternatives. Decision problems, also called menus of alternatives, are ordered

line segments of X. Formally, there is a collection of decision problems {Aj}Jj=1, each

of them consisting of two distinct extreme alternatives and their convex combinations,

i.e., Aj = {(1 − a)xj + axj : xj, xj ∈ X and a ∈ [0, 1]}. Any alternative x ∈ Aj is,

therefore, determined by its relative position in the line segment, i.e. by the unique

value a(x, j) ∈ [0, 1] such that x = (1 − a(x, j))xj + a(x, j)xj. The following are five

simple examples that fall within this setting.

(1) Political domain. X = R represents the space of all possible policies, and each

decision problem Aj = [xj, xj] is a closed interval describing the feasible policies

at a given situation.

(2) Consumption setting. X = R2
+ is the set of two-dimensional bundles, and

each decision problem is the frontier of a linear budget set, i.e. Aj = {x ∈
X : x1 + pjx2 = mj} with pj denoting the (normalized) price of the second

good and mj representing (normalized) income, both parameters being strictly

positive real values. Using the line segment notation, we can alternatively write

Aj as the set of convex combinations of xj = (mj, 0) and xj = (0,
mj
pj

), ordering

bundles by their amount of the second good.

(3) Monetary allocations in dictator games. X = R2
+ is the set of monetary alloca-

tions between a dictator and another person, with the amount received by the

dictator represented in the first component of the vector. Decision problems

can be described exactly as in the consumption setting.

(4) State-contingent lotteries. X = R2
+× [0, 1] is the set of two-state monetary lot-

teries. A decision problem is determined by setting a value q ∈ [0, 1] describing

the probability of the first state, with monetary prizes x1 and x2 being subject

to a budget constraint as in the previous examples.2

(5) Inter-temporal allocations. X = R4
+ is the set of two-period monetary streams.

A decision problem is defined by fixing the time horizons t1 and t2 in which the

2Without loss of generality, assume that the second state is the one that pays less in expectation,

i.e. pj >
1−q
q . This allows to interpret higher levels of x2 as more risk aversion.
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monetary payoffs x1 and x2 are awarded, where these payments are subject to

a budget constraint as in the previous examples.

We start with a brief presentation of the classical, deterministic, notion of choice

rationalization, that will later prove useful for our analysis. In the deterministic case,

data is described by the observed chosen alternative in each decision problem, i.e.,

c = {cj}Jj=1, with cj ∈ Aj. We say that c is rationalizable if there exists a utility function

U : X → R such that, in every menu, the observed choice is the alternative maximizing

utility U . The utility function is usually assumed to have some basic structure in order

to guarantee that maximizers are unique and, depending on the setting of interest,

some further structure is also imposed. For example, in the political domain, utilities

are frequently assumed to be single-peaked; in the consumption setting, utilities are

commonly assumed to be strictly quasi-concave and strictly monotone in each of the

goods; in the state-contingent lotteries setting, utilities are usually expected utilities.

We denote by U the set of utility functions under consideration.

We now move to the stochastic setting and start with the description of choice data.

In this case, data corresponds to the observed distribution of choices in each decision

problem, i.e., F = {Fj}Jj=1 where Fj : Aj → [0, 1] is the cumulative distribution

function (CDF) of choices in decision problem j. That is, the value Fj(x) ∈ [0, 1]

represents the probability of choosing any alternative y ∈ Aj such that a(y, j) ≤ a(x, j).

As a CDF, Fj is non-decreasing with Fj(xj) = 1, and assumed to be continuous over

Aj \ {xj, xj}.

We now present the notion of ordered-logit rationalization. Informally, we say that

F is ordered-logit rationalizable if there exists an ordered collection of utilities, and

a logistic distribution over these utilities, such that, for every decision problem, (i)

ordered choices: higher utilities produce higher choices and (ii) logit rationalization:

the CDF of observed choices at any given alternative is equal to the mass of utilities,

according to the logistic, that maximize below the given alternative. Formally, in an

ordered-logit rationalization, there is a set of types R, a continuous mapping γ : R→ U
assigning a utility to each type, and a logistic distribution with location and scale

parameters τ and σ, respectively, defined over the types. Denoting by xtj the unique

maximizer of type t in decision problem j, part (i) requires that t ≤ t′ implies a(xtj, j) ≤
a(xt

′
j , j), and part (ii) requires that Fj(x) is the logistic mass, given parameters (τ, σ),

of all types for which a(xtj, j) ≤ a(x, j).
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An important advantage of the ordered-logit model is that the generated choice prob-

abilities have a simple closed-form expression. Consider first the case of an alternative

x ∈ Aj \ {xj}. Denote by txj the supremum type with a maximizer in decision problem

j that lies below x.3 In the ordered-logit model, the cumulative choice probability at

x in decision problem j corresponds to the logistic mass, given parameters (τ, σ), at

type txj , which is equal to 1

1+e
−(tx

j
−τ)/σ . Whenever the extreme alternative xj has strictly

positive choice mass, there must be a utility, indexed by tj, above which xj is invariably

the maximal alternative. Hence the probability of choosing alternative xj is given by

1− 1

1+e−(tj−τ)/σ
.

The interpretation of the logistic parameters is straightforward. Parameter τ is a

location parameter, and whenever xτj is a non-extreme alternative, the ordered-logit

cumulative mass at xτj is .5.4 Parameter σ is a scale parameter capturing the variability

of the distribution around the location. When σ goes to zero, the model resembles one

for deterministic rational choice, because the mass of any interval containing type τ ,

and hence its utility, approaches 1, and the mass of any interval not containing it

approaches zero. When σ goes to ∞, the density of type τ becomes closer to that of

any other type within any given interval.

2.1. A characterization of ordered logit. We now provide a necessary and suffi-

cient condition for data to admit an ordered-logit rationalization. The property builds

upon the deterministic notion of rationalization. Set any value p ∈ (0, 1). For each

decision problem Aj, denote by cpj the first alternative that attains cumulative choice

mass p, i.e.,

cpj = {x ∈ Aj : Fj(x) ≥ p and a(y, j) < a(x, j)⇒ Fj(y) < p}.

Denote by cp = {cpj}Jj=1 the collection of alternatives defined in such a way.

In Theorem 1, we show that F admits an ordered-logit rationalization if and only

if cp is rationalizable for every p. The intuition for this result is as follows. Thanks

to the rationalizability of each cp, we can find a utility function rationalizing these

hypothetical choices and guarantee that a rationalizing map β : (0, 1) → U exists.

Moreover, thanks to the definition of cp and the non-decreasing nature of each CDF,

3If there is no such type, set txj = −∞. In many applications, a bijection between types and

choices exists and, whenever this happens, type txj is merely the inverse of alternative xtj .
4If xτj ∈ {xj , xj}, the ordered-logit mass of alternative xτj must be greater than .5.
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this map must generate ordered choices in each menu. Stochastic rationalization of

each choice distribution can be obtained by using the uniform distribution over (0, 1),

i.e., by randomizing uniformly over the utilities β(p). In order to construct an ordered-

logit rationalization, we merely need to use the same utilities after some relabeling,

building the appropriate bijection between (0, 1) and the set of types R to guarantee

that the uniform distribution over (0, 1) becomes a logistic distribution over R.

Theorem 1. F admits an ordered-logit rationalization if and only if cp is rationalizable

for every p.

Proof of Theorem 1: We start by proving the necessity part. Suppose that F

admits an order-logit rationalization with map γ and logistic parameters (τ, σ). Fix

any p ∈ (0, 1). Let t(p) ∈ R be the first type satisfying the equation t(p)−τ
σ

= log p
1−p ,

i.e., the first type reaching cumulative mass p for the given logistic distribution. We

claim that type t(p) produces maximizers across menus that coincide with cp, proving

the rationalizability of cp. Consider any decision problem j. Given the definition of cpj

and the ordered choice structure, all types below t(p) have maximizer below cpj . The

definition of cpj and the continuity assumption guarantee that x
t(p)
j = cpj , and the claim

follows.

We now prove the sufficiency part. Since cp is rationalizable for every p ∈ (0, 1), and

given the continuity of F , there exists a continuous mapping β : (0, 1)→ U such that

the utility of type p rationalizes cp. Consider then any menu Aj. We first prove that

maximizers are non-decreasing in p which, given rationalizability, is equivalent to prove

that choices cpj are non-decreasing in p. This follows immediately from the definition

of such alternatives and the fact that Fj is non-decreasing.

We then consider the uniform distribution on (0, 1) and claim that, for every decision

problem j and every x ∈ Aj such that 0 < Fj(x) < 1, Fj(x) coincides with the mass of

utilities with a maximizer below x. Given the non-decreasing nature of the maximizing

alternatives, we need to prove that the utility function β(Fj(x)) is the last utility with

maximizer below x. First, consider p > Fj(x). Since x has not reached cumulative

probability p, it must be that a(cpj , j) > a(x, j), and since utility β(p) rationalizes

cpj , the maximizer of β(p) lies strictly above x. Second, consider the utility function

β(Fj(x)). By construction, c
Fj(x)
j lies below x and since β(Fj(x)) rationalizes c

Fj(x)
j , the

maximizer of β(Fj(x)) lies below x.
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Finally, we construct the order-logit rationalization as follows. For every type t ∈ R,

let γ(t) be the utility β( 1
1+e−t

). Given the continuous bijection performed over the same

collection of utilities, the map γ is continuous and trivially produces non-decreasing

maximal alternatives. We can then define a logistic distribution over the reals, with

location parameter equal to zero and scale parameter equal to one. This produces ex-

actly the same choice probabilities as the original uniform distribution over (0, 1) and,

hence, the ordered logit rationalizes the cumulative mass of any alternative x such

that 0 < Fj(x) < 1. Finally, if x is such that F (x) = 0 (respectively F (x) = 1), it is

straightforward that no utility can produce a maximizer below x (respectively, all util-

ities produce a maximizer below x), and the mass of these utilities is zero (respectively,

one). This concludes the proof. �

Importantly, the proof of Theorem 1 has been constructed to transparently illustrate

that the assumption of the logistic distribution has no particular empirical content per

se. We have shown that, when every cp is rationalizable, data could be rationalized by

using other alternative probability distribution over the same set of utilities, by simply

relabelling them appropriately. That is, without the imposition of further restrictions,

the result is distribution-free, and thus, Theorem 1 gives foundations not only to the

ordered-logit model but also to non-parametric stochastic ordered choice. In Section

3, we return to this issue and study the implications of the common, applied, case in

which the analyst fixes upfront a specific parametrization of a class of utilities and

wonder whether a logistic distribution over the assumed parametrization may explain

the data. In this case, as we will see, the logistic assumption has bite.

Before this, we want to point out that an advantage of the structure of Theorem 1

is that it is portable to the analysis of specific economic settings of interest. All that is

needed is to embed the known, or relatively easy to obtain, deterministic rationalization

conditions of interest. We illustrate now with some examples.

2.2. Characterizations of ordered logit in specific settings. With the purpose

of showing how Theorem 1 may read in specific economic settings, we present three

immediate corollaries. The first one deals with decisions on a political domain and

uses the usual single-peaked utilities.5 We simply need to write Icj = c(Aj) whenever

5A utility U is single-peaked if there exists an alternative y ∈ R, the peak of the utility, such that

for every pair satisfying x′ < x ≤ y or y ≤ x < x′, we have U(x) > U(x′). Remark 1 in Moulin (1984)
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c(Aj) 6= {xj, xj}, Icj = (−∞, xj] whenever c(Aj) = xj and Icj = [xj,+∞) whenever

c(Aj) = xj. We say that c satisfies the intersection property whenever Icj ∩ Icj′ 6= ∅
holds for every pair of decision problems.

Corollary 1. In the political domain, F admits an ordered-logit rationalization with

single-peaked utilities if and only if cp satisfies the intersection property for every p.

Proof of Corollary 1: We start by proving that a choice function c defined over J

decision problems has the intersection property if and only if it can be rationalized

by a single-peaked utility function. For the necessity part, suppose that all choices

are generated by a single-peaked utility function, with peak in y ∈ R. Notice that

for every decision problem j, Icj must include the peak alternative y: either because

y belongs to Aj and is thus chosen, or because y does not belong to Aj and the

chosen alternative is the closest extreme to y in Aj. Thus, the intersection property

trivially holds. For the sufficiency part, consider the following two cases. First, there

exists one menu Aj such that c(Aj) 6= {xj, xj}. Denote this chosen element by y

and construct the Euclidean utility with peak at y, −(x− y)2. Euclidean utilities are

trivially single-peaked utilities. We show that this utility rationalizes all choices. It

trivially rationalizes decision problem j. For any other j′, it can be that y ∈ Aj′ or

y 6∈ Aj′ . In the former case, the intersection property requires that c(Aj′) = y, and

rationalization holds. In the latter case, the intersection property requires that c(Aj′)

is the extreme alternative closest to y, and rationalization holds. Second, suppose

that extreme alternatives are selected in all decision problems. By the intersection

property, it must be the case that whenever c(Aj) = xj and c(Aj′) = xj′ , it is xj ≥ xj′ .

Hence, the largest right-extreme choice, denoted y1, must be lower than the smallest

left-extreme choice, denoted y2. One can set the peak of the Euclidean utility to be

any alternative in [y1, y2] and this utility rationalizes all choices. The application of

Theorem 1 concludes the proof. �

presents a deterministic characterization of single-peaked rationalizability based upon the classical

property of independence of irrelevant alternatives and a continuity requirement (see also Bossert and

Peters (2009), who analyze further the problem). Given that their results require the choice function

to be observed over all closed intervals, and not over a finite number of them as in our setting, we

cannot borrow directly from their properties and need to provide our own property.
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We now present a corollary for the consumption setting based upon the classical

Weak Axiom of Revealed Preference (WARP).6

Corollary 2. In the consumption setting, F admits an ordered-logit rationalization

with utilities that are strictly quasi-concave and strictly monotone in both goods if and

only if every cp satisfies WARP.

Proof of Corollary 2: The necessity of WARP for deterministic rationalizability is

well-known. Similarly, sufficiency simply requires to use the classical argument devel-

oped by Rose (1958) for the two-dimensional consumption setting and conclude that

a choice function satisfying WARP also satisfies the Strong Axiom of Revealed Prefer-

ence. As it is well-known, this allows to construct a utility function that rationalizes all

choices and, in particular, this can be selected to be strictly quasi-concave and strictly

monotone in both goods (see, e.g., Matzkin and Richter (1991)). The application of

Theorem 1 concludes the proof. �

We conclude with the analysis of the state-contingent lotteries settings. Consider a

choice function c defined over J menus, each of them determined by the corresponding

parameters qj, pj,mj, i.e. Aj = {(x1, x2; qj) : x1 + pjx2 = mj}. Our result uses the

deterministic rationalization of expected utilities using SAREU.7

Corollary 3. In the state-contingent lotteries setting, F admits an ordered-logit ratio-

nalization where all expected utilities are either risk loving, risk neutral or risk averse

if and only if every cp is either equal to (x1, . . . , xJ) or it satisfies SAREU.

Proof of Corollary 3: It is immediate to see that the selection of xj in every decision

problem j is necessary for the case of risk loving and risk neutral expected utilities.

Sufficiency follows from the fact that these corner solutions can be rationalized by

any such expected utility. Finally, Kubler, Selden and Wei (2014) show that SAREU

6In the consumption setting, we define Bj as the budget set with frontier Aj . Then, c satisfies

WARP if c(Aj) ∈ Bj′ and c(Aj′) ∈ Bj implies c(Aj) = c(Aj′).
7In our context, the property of SAREU by Kubler, Selden and Wei (2014) reads as follows.

For any decision problem j, denote the ratio of prices-to-probabilities in each state by ρ1j = 1
qj

and

ρ2j =
pj

1−qj . We say that c satisfies SAREU whenever it always selects non-extreme alternatives cj =

(cj1, cj2) > (0, 0) and, for every sequence of decision problems j1, . . . , jK , it is
∏K−1
k=1 L(jk, jk+1) < 1,

where L(jk, jk+1) = max{s,s′:cjs>cj′s′}
ρsj

ρs
′

j′
.
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is a necessary and sufficient condition for strictly risk averse expected utilities. The

application of Theorem 1 concludes the proof. �

3. Ordered logit for a specific parametrization

In empirical work, it is common practice to: (i) select a uni-dimensional class of

utilities U∗ ⊆ U , and (ii) fix upfront a specific parametrization γ over U∗. Part (i)

restricts the class of utilities of interest. For example, the analyst may consider the

class of Euclidean utilities in the political domain, the classes of Cobb-Douglas or CES

utilities in the consumption setting, or the classes of CRRA or CARA expected utilities

in the state-contingent lotteries setting. These restrictions have no major consequences

in terms of the lessons learnt in Theorem 1. If we want to know whether the data

admits an ordered-logit rationalization using utilities from U∗, it suffices to identify

a deterministic characterization of U∗-rationalizability and use it in combination with

Theorem 1, as Corollaries 1 to 3 do. As an example, ordered-logit rationalizability with

Euclidean utilities is straightforward. The intersection property used in Corollary 1 is

also necessary and sufficient for deterministic rationalizability with Euclidean utilities,

and hence we can reproduce Corollary 1 using Euclidean utilities instead.8 Similarly,

deterministic rationalizability with Cobb-Douglas utilities can be obtained by the well-

known property that the fraction of wealth used in each good should be constant across

menus. Thus, a version of Corollary 2 using only Cobb-Douglas utilities would follow.

Part (ii) may appear innocuous at first sight. However, fixing a specific parametriza-

tion of the class of utilities at stake has consequences. It precludes the type of exercise

performed in the proof of Theorem 1, where we relabel the utilities and transform

the probability distribution over them. As a result, assuming any specific distribution,

such as the logistic, constitutes a relevant restriction. We start by illustrating the point

with an example.9

8Euclidean utilities are defined in the proof of Corollary 1. Given that the sufficiency part of

Corollary 1 rationalizes data by using exclusively Euclidean utilities, the intersection property must

also characterize ordered-logit rationalizability with Euclidean utilities.
9Here is a more abstract reasoning. Whenever J = 1, data is trivially ordered-logit rationalizable.

However, as we fix the parametrization γ, ordered-logit rationalizability is no longer vacuous and

requires data to inherit some of the properties of the logistic distribution, such as symmetry.
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Example 1. Suppose that data admits an ordered-logit rationalization over the

class U∗ of Euclidean utilities, with γ(t) = −(x − f(t))2, where f is the function

f(t) = t
2

whenever t ≥ 0 and f(t) = t whenever t < 0, and a logistic distribution that

has location and scale parameters equal to 0 and 1, respectively. Consider the menu

A1 = [− log 2,+ log 2]. From the closed-form expression of the ordered-logit model, we

know that F1(− log 2) = 1
3
, F1(0) = 0.5 and F1(+ log 2) = 4

5
.

Suppose now that we try to explain the above data with an ordered-logit model

after having fixed the usual parametrization of U∗ given by γ′(t) = −(x − t)2, where

we interpret the parameter t as the peak of the utility function. In order to explain the

observed data on A1, we are forced to set the location parameter of the logistic equal

to 0. But in that case, given the symmetry of the logistic distribution and of γ′, any

scale parameter will produce a choice mass for alternative − log 2 equal to the choice

mass for alternative + log 2. This is a contradiction with the observed data and hence

no ordered-logit rationalization using γ′ exists. �

Consider then a given parametrization of utilities γ : R → U that produces or-

dered choices in every decision problem. We study the exact conditions for data to

be rationalized by a logistic distribution over γ. To simplify the exposition, we con-

sider the usual case in which Fj is, in addition to our basic assumptions of Section

2, strictly increasing over the set of non-extreme alternatives Aj \ {xj, xj} that, from

now on, we denote as (xj, xj). We also consider the following richness assumption:

for every two decision problems j and j′, there exists a sequence of decision problems

j0 = j, j1, . . . , jk, . . . , jK = j′ such that, for every k ∈ {0, . . . , K − 1}, there exists

an interval of utilities producing non-extreme maximizers in both Ajk and Ajk+1 . The

following example illustrates that this richness condition is commonly met in practice.

Example 2. In some cases, alternatives in (xj, xj) may be in bijection with the set

of utilities for every decision problem j. For example, in the standard consumption

setting, this is the case for Cobb-Douglas utilities with strictly positive weights. When

this happens, the richness assumption is trivially met. Alternatively, (xj, xj) may be

in bijection with an unbounded interval of utilities for every decision problem j, as in

the case of strictly convex quasi-linear utility functions in the consumption setting, or

CRRA expected utilities in decisions under risk.10 But then, since two right-unbounded

10In the latter case, recall that risk averse individuals maximize in non-extreme lotteries approach-

ing but never reaching the 45-degree line.
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intervals of utilities must have an unbounded intersection, the assumption is again

trivially met. In some occasions, though, (xj, xj) may be the result of a bounded

interval of utilities that varies across decision problems. However, we argue that even

in this scenario, the richness assumption is not hard to meet. For instance, considering

environments involving budget sets, suppose that two bounded intervals of utilities fail

to intersect due to the fact that the budget sets have extreme, opposite, prices. Our

richness assumption simply requires the presence of some other decision problems with

intermediate prices that produce the desired linkage. �

3.1. A characterization of ordered logit for a fixed parametrization. As dis-

cussed above, fixing a given parametrization γ separates the ordered-logit model from

other stochastic ordered-choice models, via the logistic assumption of the distribution

of utilities. The general strategy of Theorem 1 is thus insufficient, and we need to

provide properties that capture the logistic patterns. Our first property imposes that

extreme alternatives have strictly positive mass if and only if there exists some type

for which this alternative is optimal. Notice that the ordered-logit model is a random

utility model and hence, an alternative can have strictly positive mass only if there

is some type for which it is optimal. Moreover, if one such type exists, the ordered

nature of choices provokes that extreme alternatives are indeed optimal for an interval

of types, and strictly positive mass must result.

Corner extremeness (CE). Fj(xj) > 0 (respectively, limx→xj Fj(x) < 1) if and only

if there exists t ∈ R such that xtj = xj (respectively, xtj = xj).

The cumulative logit of alternative x at decision problem j, `(x,Aj) = log
Fj(x)

1−Fj(x) ,

is a well-known concept in the analysis of the ordered-logit model. The reason is that

when data is generated by a logistic with parameters (τ, σ), it turns to be the case that

`(x,Aj) = (txj − τ)/σ, i.e., the cumulative logit corresponds to the normalized type,

under the given parametrization γ, for which alternative x is optimal in decision prob-

lem j. Thus, equal sums of types must correspond to equal sums of cumulative logits.

Our second property establishes this additive property over non-extreme alternatives.

Cumulative Logit Additivity (CLA). Let xt1j , x
t2
j ∈ (xj, xj) and x

t′1
j′ , x

t′2
j′ ∈ (xj′ , xj′)

be such that t1 + t2 = t′1 + t′2. Then, `(xt1j , Aj) + `(xt2j , Aj) = `(x
t′1
j′ , Aj′) + `(x

t′2
j′ , Aj′).

Theorem 2 shows that, given parametrization γ, CE and CLA are not only neces-

sary but also sufficient for an ordered-logit rationalization. The proof of Theorem 2
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comprises a number of steps. First, notice that the mapping between non-extreme

alternatives and (a subset of) types is a bijection and hence, the data immediately in-

duces a collection of (yet possibly different across menus) distributions over the subsets

of types leading to non-extreme choices. However, we need to account for the censoring

generated by extreme choices, that may be optimal for many types, and possibly differ-

ent in different menus. Whenever this happens, the respective masses observed at the

extremes must be appropriately distributed among all the rationalizing types, in such

a way as to ensure that the constructed distribution also satisfies the CLA requirement

that we know already holds for non-extreme alternatives. We address this requirement

by using a recursive construction. Second, the ordered-logit functional form requires us

to build upon Galambos and Kotz’s (1978) Theorem 2.1.5. This classical, statistical,

result provides a necessary and sufficient condition over triplets of real numbers for

a single CDF over the reals, which is assumed to be symmetric with respect to the

origin, to be logistic. We naturally need to extend this result to our revealed pref-

erence setting, where: (i) distributions may have any mean and have not yet been

proven to be symmetric and, (ii) we have not one, but a collection of menu-dependent

distributions. Our CLA property using quadruplets proves sufficient to show that our

menu-dependent distributions are all logistic and, in fact, share the same location and

scale parameters.11

Theorem 2. Given γ, F admits an ordered-logit rationalization if and only if F sat-

isfies CE and CLA.

Proof of Theorem 2: Since the necessity of the axioms is straightforward, we will

now prove their sufficiency, as follows. Consider any decision problem j. We construct a

sequence of open intervals of types, {I0j , I1j , . . . , Inj , . . . }, and a sequence of real functions

defined over them, {G0
j , G

1
j , . . . , G

n
j , . . . }, satisfying the following four properties:

(1) For every n, Inj ⊆ In+1
j .

(2) For every n, Gn+1
j extends Gn

j .

(3) For every n, Gn
j takes values in (0, 1), is continuous, and strictly increasing.

Moreover, if Inj is bounded from above (respectively, from below), the function

Gn
j must be strictly bounded from above by some value k < 1 (respectively,

strictly bounded from below by some value k > 0).

11Note also that the parameters (τ, σ) of the logistic distribution that rationalizes the data must be

unique, which follows from the assumption that the set of interior bundles has strictly positive mass.
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(4) For every n and every four types t1, t2, t
′
1, t
′
2 in Inj , if t1 + t2 = t′1 + t′2 then

log
Gnj (t1)

1−Gnj (t1)
+ log

Gnj (t2)

1−Gnj (t2)
= log

Gnj (t
′
1)

1−Gnj (t′1)
+ log

Gnj (t
′
2)

1−Gnj (t′2)
.

The first interval of types, I0j , corresponds to the set of types that have a maximizer

in (xj, xj).
12 The first function, G0

j , corresponds to the function that choice data Fj

induces over these types, i.e., for every t ∈ I0j , G0
j(t) = Fj(x

t
j). The function G0

j is

well-defined given the assumptions made on Fj. It is obviously strictly increasing and

takes values in (0, 1). Moreover, if the interval I0j is bounded from above (respectively,

from below), there is an interval of types selecting xj (respectively, xj) and hence,

limx→xj Fj(x) < 1 (respectively, limx→xj Fj(x) > 0), and the boundedness conditions

hold for G0
j . That is, property (3) is satisfied. We now show that G0

j must satisfy

property (4). To see this, notice that we can apply CLA with decision problem j′ = j,

using the collection of non-extreme alternatives xt1j , x
t2
j , x

t′1
j , x

t′2
j , and the equality of

cumulative logits over choice data corresponds exactly to property (4) over G0
j .

The remaining intervals and functions are now defined recursively. Given collections

{I0j , I1j , . . . , Inj } and {G0
j , G

1
j , . . . , G

n
j } which satisfy all the properties, we define interval

In+1
j and function Gn+1

j in such a way as to guarantee that collections {I0j , I1j , . . . , In+1
j }

and {G0
j , G

1
j , . . . , G

n+1
j } also satisfy the properties. The definition of the new interval

of types, In+1
j , depends on the parity of n. If n is an even (respectively, an odd) integer,

we define interval In+1
j as follows: (i) if Inj is not bounded from above (respectively,

from below), define In+1
j = Inj and (ii) if Inj is bounded from above (respectively, from

below), define In+1
j as the union of the previous interval Inj , the least upper bound

(respectively, the greatest lower bound) znj of interval Inj , and the types t for which

there exists t′ ∈ Inj with t = 2znj − t′.13

We now consider the definition of function Gn+1
j . For every t ∈ Inj , define Gn+1

j (t) =

Gn
j (t). For the limit type znj , define Gn+1

j (znj ) = lims→znj G
n
j (s), where the right-hand

12Notice that this set of types depends on the assumed parametrization γ. Since γ is fixed, we

avoid referring to γ in the arguments that follow.
13Intuitively we are extending the original right-bounded (respectively, left-bounded) interval Inj

beyond its boundary and adding the boundary point. This step is not needed when there are no

extreme choices because then the initial interval I0j equals the set of all types, R. When choices are

observed in only one of the extreme alternatives, or, equivalently, I0j is bounded on one side, the logic

requires a unique duplication, which already forms the entire real line. If choices are observed in

both extreme alternatives, or, equivalently, the initial interval is bounded on both sides, we need to

duplicate the initial bounded interval an infinite number of times, as the proof indicates.
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or left-hand bound must be considered, depending on the parity. Finally, for any other

type t belonging to In+1
j , we know that there exists a unique value t′ ∈ Inj such that

t = 2znj − t′, so we can define Gn+1
j (t) as the unique real value satisfying the equation:

log
Gn+1
j (t)

1−Gn+1
j (t)

= 2 log
Gn+1
j (znj )

1−Gn+1
j (znj )

− log
Gn
j (t′)

1−Gn
j (t′)

.

It is then evident that the function Gn+1
j is well defined on In+1

j and it is straight-

forward to see that Inj ⊆ In+1
j and, hence, property (1) holds. Similarly, note that the

construction guarantees that the function Gn+1
j extends Gn

j , and therefore property (2)

is satisfied.

We now discuss property (3). Notice that, by the continuity of Gn
j and the fact that

all values belong to (0, 1), it is guaranteed that the limit value at znj is well defined

when needed. The continuity of the function Gn+1
j is then a direct consequence of this

limit definition at znj . To appreciate the strictly increasing nature of the new function,

consider two types t1 < t2. If both types belong to Inj , we know that Gn+1
j (t1) <

Gn+1
j (t2) must hold because Gn+1

j extends the strictly increasing function Gn
j . If t1 ∈ Inj

but t2 does not, it must be the case that n is even and there exists t′2 ∈ Inj such that

t2 = 2znj − t′2. Since log
Gnj (z

n
j )

1−Gnj (znj )
> log

Gnj (t
′
2)

1−Gnj (t′2)
, it is log

Gn+1
j (t1)

1−Gn+1
j (t1)

= log
Gnj (t1)

1−Gnj (t1)
<

log
Gnj (z

n
j )

1−Gnj (znj )
< 2 log

Gnj (z
n
j )

1−Gnj (znj )
− log

Gnj (t
′
2)

1−Gnj (t′”)
= log

Gn+1
j (t2)

1−Gn+1
j (t2)

, as desired. If t1 is not in Inj

but t2 is, an analogous argument applies in which n is odd and znj is the lower bound

of Inj . If neither is in Inj , they must both be above or below znj , depending on the

parity. There must exist t′1, t
′
2 ∈ Inj such that t1 = 2znj − t′1 and t2 = 2znj − t′2. It clearly

must be that t′1 > t′2 and we know that Gn
j (t′1) > Gn

j (t′2). The definition of Gn+1
j (t1)

and Gn+1
j (t2) guarantees that the former is strictly smaller than the latter. Hence, we

have shown that Gn+1 is strictly increasing and, to complete property (3), we need to

show that this function takes values in (0, 1) and is bounded as required. We show the

case of n even, the other case being analogous. If Inj is not bounded from above, the

new function replicates the original one and the property holds. If Inj is bounded from

above, we know that the value Gn+1(znj ) must be strictly lower than 1 by virtue of the

boundedness condition. For every t ∈ In+1
j with t > znj , the construction guarantees

that Gn+1
j takes values in (0, 1). To show boundedness, notice that nothing has changed

at the lower end of the interval and hence the property is satisfied, as Gn+1
j extends

Gn
j . For the upper end of the interval, suppose that In+1

j is bounded from above, in

which case it must be that Inj is bounded from below (say, with largest lower bound
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k). It then follows that log
Gn+1
j (t)

1−Gn+1
j (t)

< 2 log
Gn+1
j (znj )

1−Gn+1
j (znj )

− log
Gnj (k)

1−Gnj (k)
, and hence Gn+1

j (t)

must be strictly lower than 1. This completes the proof that Gn+1
j satisfies property

(3).

To see that property (4) holds, consider any four types t1, t2, t
′
1, t
′
2 in In+1

j such that

t1 + t2 = t′1 + t′2 and assume, without loss of generality, that t1 < t′1 ≤ t′2 < t2.
14 Again,

we show the case of n even, the other case being analogous. We start by noticing

that property (4) holds over the closure of Inj , denoted by I
n

j , thanks to the recursive

assumption on Gn
j , the fact that Gn+1

j extends Gn
j , and the limit construction at znj .

Hence, we only need to consider cases where not all four types belong to I
n

j :

• Case 1: None of the four types belongs to I
n

j . There must exist s1, s2, s
′
1, s
′
2 ∈ Inj

such that t1 = 2znj − s1, t′1 = 2znj − s′1, t2 = 2znj − s2 and t′2 = 2znj − s′2. Clearly,

it must be that s1 + s2 = s′1 + s′2 and hence, we know that log
Gnj (s1)

1−Gnj (s1)
+

log
Gnj (s2)

1−Gnj (s2)
= log

Gnj (s
′
1)

1−Gnj (s′1)
+ log

Gnj (s
′
2)

1−Gnj (s′2)
, which is equivalent to log

Gnj (s1)

1−Gnj (s1)
+

log
Gnj (s2)

1−Gnj (s2)
+4Gn+1

j (znj ) = log
Gnj (s

′
1)

1−Gnj (s′1)
+log

Gnj (s
′
2)

1−Gnj (s′2)
+4Gn+1

j (znj ), which implies

log
Gnj (t1)

1−Gnj (t1)
+ log

Gnj (t2)

1−Gnj (t2)
= log

Gnj (t
′
1)

1−Gnj (t′1)
+ log

Gnj (t
′
2)

1−Gnj (t′2)
, as desired.

• Case 2: t1 ∈ I
n

j . There must exist s2, s
′
1, s
′
2 ∈ Inj such that t′1 = 2znj − s′1,

t2 = 2znj − s2 and t′2 = 2znj − s′2. It must be that t1 + s′1 + s′2 = s2 + 2znj .

Define t̂ = s2 + znj − t1, which belongs to Inj . Given that t1 + t̂ = s2 + znj ,

property (4) holds over these four types. Now, notice that it must also be that

s′1 + s′2 = t̂ + znj and hence property (4) holds over these four types. We can

combine the two expressions to verify that property (4) holds over t1, t2, t
′
1 and

t′2, as desired.

• Case 3: t1, t
′
1 ∈ I

n

j . There must exist s2, s
′
2 ∈ Inj such that t2 = 2znj − s2,

and t′2 = 2znj − s′2. It must be that t1 + s′2 = t′1 + s2 and hence, we know that

log
Gnj (t1)

1−Gnj (t1)
+log

Gnj (s
′
2)

1−Gnj (s′2)
= log

Gnj (t
′
1)

1−Gnj (t′1)
+log

Gnj (s2)

1−Gnj (s2)
, which implies log

Gnj (t1)

1−Gnj (t1)
+

log
Gnj (s

′
2)

1−Gnj (s′2)
+2Gn+1

j (znj ) = log
Gnj (t

′
1)

1−Gnj (t′1)
+log

Gnj (s2)

1−Gnj (s2)
+2Gn+1

j (znj ), which implies

log
Gnj (t1)

1−Gnj (t1)
+ log

Gnj (t2)

1−Gnj (t2)
= log

Gnj (t
′
1)

1−Gnj (t′1)
+ log

Gnj (t
′
2)

1−Gnj (t′2)
, as desired.

• Case 4: t1, t
′
1, t
′
2 ∈ I

n

j . There must exist s2 ∈ Inj such that t2 = 2znj − s2. It

must be that t1 + 2znj = t′1 + t′2 + s2. Define t̂ = t1 + znj − t′1, which belongs

to Inj . Given that t′1 + t̂ = t1 + znj , property (4) holds over these four types.

14Notice that if the types were equal across the two pairs, the property would be trivially satisfied.
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Now, notice that it must also be that t̂ + znj = t′2 + s2 and hence property (4)

holds over these four types. We can combine the two expressions to verify that

property (4) holds over t1, t2, t
′
1 and t′2, as desired.

This completes the proof that the collections {I0j , I1j , . . . , In+1
j } and {G0

j , G
1
j , . . . , G

n+1
j }

satisfy all the properties. The limit interval of the sequence {I0j , I1j , . . . , Inj , . . . } is the

entire set of reals. The limit function of the sequence {G0
j , G

1
j , . . . , G

n
j , . . . }, which we

denote by Gj, must be a continuous, strictly increasing CDF over the reals. Moreover,

it extends G0
j and must also satisfy property (4) above.

Consider the median type of distribution Gj, i.e., the type τj such that Gj(τj) = .5.

Define the function Hj over the reals as follows:

Hj(w) = Gj(τj + w).

We claim that Hj is a continuous, strictly increasing CDF over the reals, and is sym-

metric with respect to the origin. We need to show symmetry. For this, consider

t1 = τj − w, t2 = τj + w and t′1 = t′2 = τj. Then, since t1 + t2 = t′1 + t′2, we

know that log
Gj(t1)

1−Gj(t1) + log
Gj(t2)

1−Gj(t2) = log
Gj(t

′
1)

1−Gj(t′1)
+ log

Gj(t
′
2)

1−Gj(t′2)
= 0 + 0 = 0. Hence, it

must be that log
Gj(t1)

1−Gj(t1) = log
1−Gj(t2)
Gj(t2)

and Gj(t1) = 1 − Gj(t2) follows. As a result,

Hj(−w) = Gj(t1) = 1−Gj(t2) = 1−Hj(w), and the symmetry of Hj has been proved.

Consider now the following function defined over the positive reals:

Oj(w) =
1−Hj(w)

Hj(w)
.

Since Hj is a continuous, strictly increasing CDF over the reals with Hj(0) = .5,

1 − Oj(w) must be a continuous, strictly increasing CDF over the positive reals with

no strictly positive mass at zero. Moreover, given that Gj satisfies property (4) above,

the definition of Hj and Oj guarantees that Oj(w)Oj(z) = Oj(w + z) must hold for

every pair of positive real values w and z. One can then reproduce the standard

argument dating back to Cauchy (1821), which is described in Galambos and Kotz

(1978; Theorem 1.3.1), to guarantee that Oj must be an exponential distribution, with

no strictly positive mass at the origin.15 That is, there exists σj ∈ R++ such that

1−Oj(w) = 1− 1−Hj(w)

Hj(w)
= 1− e−w/σj ,

15The property is satisfied by exponential distributions with and without strictly positive mass at

zero. Since we know that O has no strictly positive mass at zero, it must be one of the latter.
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and hence, for every w ≥ 0, it is true that Hj(w) = 1

1+e−w/σj
. Moreover, given the

symmetry of Hj with respect to the origin, for every w < 0, it must also be true that

Hj(w) = 1 − Hj(−w) = 1 − 1

1+ew/σj
= 1

1+e−w/σj
. That is, Hj is a logistic distribution

with location parameter equal to zero and scale parameter σj, and Gj is ordered logistic

with location parameter τj and scale parameter σj. Since Gj extends G0
j , all choices in

menu j are explained by this ordered-logistic distribution.

Consider now two decision problems j and j′. By our richness assumption, there

exists a sequence of decision problems j0 = j, j1, . . . , jk, . . . , jK = j′ such that, for every

k ∈ {0, . . . , K−1}, I0
jk
∩I0

jk+1 6= ∅. Consider t ∈ I0
jk
∩I0

jk+1 and take t1 = t2 = t′1 = t′2 = t.

Using the ordered-logit structure of Gjk and Gjk+1 , it follows that they must both have

a common location parameter τ and a common scale parameter σ. The recursive

application of this argument shows that Gj and Gj′ must have the same common

parameters τ and σ, which concludes the proof. �

3.2. Specific settings. As we did with Theorem 1, we now present some immediate

corollaries that illustrate how Theorem 2 may read in specific economic settings. We

omit the proofs, as it is apparent that what we write as properties (i) and (ii) cor-

respond, respectively, to the implications of CE and CLA under the setting at hand.

The first of the corollaries deals with decisions on a political domain and uses the usual

parametrization of Euclidean utilities in which γ(t) is the utility function −(x − t)2,
where type t has peak at alternative t.

Corollary 4. In the political domain, there exists a logistic distribution over the peaks

of Euclidean utilities rationalizing F if and only if F satisfies: (i) Fj(xj) > 0 and

limx→xj Fj(x) < 1 and (ii) if x, y ∈ (xj, xj) and x′, y′ ∈ (xj′ , xj′) are such that x+ y =

x′ + y′, then `(x,Aj) + `(y, Aj) = `(x′, Aj′) + `(y′, Aj′).

The second deals with decision problems involving lotteries and uses the textbook

parametrization of CRRA expected utilities in which γ(t) corresponds to the utility

function q
x1−t1

1−t + (1 − q)
x1−t2

1−t , i.e. t captures the relative Arrow-Pratt coefficient of

risk aversion.16 Denote by κ(x,Aj) =
log

x1
x2

log pj−log
1−qj
qj

, an expression that normalizes the

log-consumption ratio by the log-ratio of probabilities and the log-ratio of prices in

the menu. We say that c satisfies the constant log-ratio property whenever either

16This holds for t ∈ R \ {1} while γ(1) is the utility function q log x1 + (1− q) log x2.
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cj = (
mj
pj
, 0) holds for every decision problem j, or κ(cj, Aj) = κ(cj′ , Aj′) > 0 for every

pair of decision problems. Then,

Corollary 5. In the state-contingent lotteries domain, there exists a logistic distribu-

tion over the relative risk aversion coefficients of CRRA expected utilities rationalizing

F if and only if F satisfies: (i) Fj(xj) > 0 and limx→xj Fj(x) = 1 and (ii) if x, y ∈
(xj, xj) and x′, y′ ∈ (xj′ , xj′) are such that κ(x,Aj) + κ(y, Aj) = κ(x′, Aj′) + κ(y′, Aj′),

then `(x,Aj) + `(y, Aj) = `(x′, Aj′) + `(y′, Aj′).
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Algébrique, L’Imprimerie Royale, Debure frères, Libraires du Roi et de la Bibliothèque du Roi.
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